Tutorial 10

Let A= {1,--- ,n} be the set of players and v be a characteristic form.
Null player

Player 7 is said to be a null player of v if

v(SU{i}) =v(9), for any S C A\ {i}.

Symmetric players

Two players ¢ and j are said to be symmetric if

v(SU{i}) =v(SU{j}), for any S C A\ {i,j}.

Simple games

A nonzero cooperative game (A, ) is said to simple if

v(S)=0or1, forany S C A.

Exercise 1. Let (A,v) be a simple game with A = {1,--- ,n}. A player i
is said to be a veto player if v(A\ {i}) = 0. Prove that C(v) # 0 if and

only if there is at least one veto player.

Soluton. “«<”. Assume that there is a veto player. Without lose of general-
ity, let us say Player 1 is a veto player. Then v(A\{1}) =v({2,--- ,n}) =0.
By the superadditivity of v, we have v(S) = 0 for any S C {2,--- ,n}. Take
ry = 1l,29 =+ =z, = 0. It is direct to check that (1,0,---,0) € C(v).
In particular, C(v) # 0.

“=". Assume that there are no veto players. Then,

v(A\{i}) =1, fori=1,--- n.



Assume (x1,- - ,2,) € C(v). Then, by the characterization of the core,

1:in:xi+z%in—l—z/(A\{i}):xi—irlzl,
i=1 i

which implies x; = 0 for ¢ = 1,--- ,n. This contradicts with the fact that
S a; =1. Hence C(v) = 0.

Exercise 2. Let (A,v) be a cooperative game, where A ={1,--- ,n}. Let
b =v(A) —v(A\{i}),i=1,--- n.
Prove that if Y., §; < v(A), then the core C(v) = 0.

Solution. Assume that (xq,---,xz,) € C(v). Then,

By the characterization of the core, we have

ij > v(A\{i}) =v(A)—-d,i=1,--- n

J#

Then take summation with respect to ¢ and use (1), we have
(n— Dv(A) > nv(A) =) 6 > (n—1)u(A).
i=1

A contradiction. Hence C(v) = 0.

Exercise 3. Let A = {1,2,3} be the set of the players and v be a character-
istic function. Assume that v({1}) = a, v({2}) = v({3}) = v({2,3}) =0,
v({1,2}) =b, v({1,3}) = v({1,2,3}) = ¢ (a < b < c¢). Find the core C(v)

in terms of a,b,c and show that it is contained in a line segment in R3.



Solution. By the characterization of the core C(v), a point (x1,xs,x3) €

C(v) if and only if

(

1 ZaaxQ Zoaxi’) 207
$1+$22b,$1+$326,$2+$320,

X1+ To + T3 = C.

\

These inequalities are equivalent to

x1 > max{a,b} =b,xe = 0,23 > 0,

T+ T3 = cC.

Hence the core is
C(v) = {(x1,29,23) € R3:2y >b,09=0,23>0,2+ x5 = c}.

It is clear that C'(v) is contained in the intersection of two planes x5 = 0

and 1 + T3 + 23 = ¢ in R3. Hence C(v) is in a line segment in R3.



